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AHHOTaAIUA

PaccmarpuBaeTcss BpeMEHHOM PSIJl COCTOSIIUN U3 CYMMBI CHTHAIA
u Bo3MmymieHus. MccnemyeTcs: ommOKa BOCCTAaHOBJICHHS CUTHANA,
nonydeHHast MetoqoM SSA. I 9Toro nmpuMeHsieTCst TeOpHs BO3-
MYIIEHHUH, MTO3BOJISIONIAs UCCIIEI0BATh OIIMOKM MEPBOro MOpsiaKa
0 BeJIMYMHE BO3MYyIeHus. [Ipr TOM YMCIeHHO TOKa3aHo, 4To pe-
3yJIbTATHI, TIOJTyYCHHBIE TAKUM 00Pa30M, aCHMITTOTHYECKHU OIUCHI-
BaIOT NIOBe/ICHHE MOTHOM OMMMOKY. [1J1s BO3MYIIICHUS B BUJIE IITyMa U
BBIOpOCA TTOKA3aHO, UTO CMEIIleHHe OIEHKH CUTHAaJIa 3aBUCUT TOJb-
KO OT BbIOpOCa, a TUCTiepCcrst — TOJBKO OT LIIyMa C HYJIEBBIM MaTe-
MaTUYeCKUM OxuaanueM. [lonydeHsl siBHbIe (hOPMYJIbI 1JIsI IEPBOTO
MOPSIIKA OIMIMOKY B CJTydae SKCIIOHEHIIMATLHOTO CUTHAJIA M BRIOpOCca
(To muaroHaBHOTO ycpenHeHus1). YucaeHHoe MoieTMpOBaHue To-
ka3zano, yto MSE orieHk# curHasia npornopIrioHaIbHO paHTy CUTHA-
Jia TP TOH ke aMIUIMTYAHON MOLYJIALMY.

BBenenmne

Uccrenyercs BpemenHoit psag X = (z1,...,on), ¢; € R, mmas N, cocTos-
I U3 IByX KOMIIOHEHT: CUTHasIa S u Bo3myienus E. Boamymenue E 3auactyio
MpeCTaBIsIeTCs B BUJIe BRIOpOCa W IiyMa. BakHOi1 3a/1aueit siBisieTcs MoTyJe-
HHe OLIEHKHU CUrHaja S. Ijist 3TOr0 MOXeT MpUMEHsThCsl MeTo SSA, mpejcTas-
JICHHBIH, HaripuMep, B [[l]], 1 onMcaHHBI HAMU B MIepBOil yacTH padoThl. HTEepec
NPeJICTaBIISIeT UCCIIeJOBAaHNE OUIMOKY BOCCTAHOBJICHHSI CHI'HAIA S-s.

B pabore nprMeHsIoTCs TeopHsi BO3MYILeHUi [2] 1 pe3ysibTaThl, IOy YeHHbIe
B [3] Ans uccneroBaHus NepBOro NOopsiaKa omuoOKy. B [4], mpuMeHss 3TOT ke moj-
XO0[1, ObLIIH MPEJICTABJIEHBI sIBHBIE (DOPMYJIbI 1151 OLIMOKHU MIEPBOTO MOPSIIKA OLECHKU
KOHCTAHTHOT'O CUTHaJIa IIpy BO3MYIIEHUH B BUje BhIOpoca. B maHHOIl paboTe mo-
JIy4eH SIBHBII BUJI MATPHIIBI IEPBOTO MOPSIIKA OMIMOKHM AJIsl S9KCTIOHEHI[MATbHOTO
cUrHaia S = (emb) i:.:l W BO3MYIlLleHUs1 B BJe BhiOpoca. CylecTByoIue po-
GacTHble BapraHThl MeTona SSA [5, 0] sABJISIOTCS UTEPaTUBHBIMH, B CHIIY 3TOTO
TPYIOEMKHMH U TaKXe MEeHee TOYHBIMH IIPH OTCYTCTBHHU BHIOPOCOB MO CPaBHEHH-
eM ¢ 6a30BbIM BapuaHTOM. [Io3TOMY HCCITe JOBaHUE BIMSTHIS BRIOPOCOB Ha Pe3yIib-
TaT BOCCTAHOBJIEHHS CHIHAJIA C MOMOIIBI0 6a30Boro Merogaa SSA mpejcTaBiser
3HAUMTEJIbHBIA UHTEPEC.


mailto:alexsandr.khramov@gmail.com
mailto:n.golyandina@spbu.ru

32 V36paHHbie TPyl BECEHHEl Hay4HO-NpaKTUYecKoii koHdepenmn «Mat-mex. Hayka 2025»

B nmocneaHeli yacTu CTaThu MPeICTaBICHbl PE3YIbTAaThl YUCIEHHOTO MOJEIH-
pOBaHUsl, IEMOHCTPHUPYIOIIHE MTOBECHUE TOJHOM ONMMOKY 1 OIIMOKY IIEPBOTO TO-
psanka. B cratbe [4] Oblia mokaszaHa mponopimoHaibHocTh MSE olieHku curHana
paHry [uist CUrHajia B BUJI€ CYMMbl KOMILJIEKCHBIX 9KCIIOHEHT, UMEIOILUX NTOCTOSIH-
HbII MOZLyJb. B aHHO#1 paboTe MoKa3aH aHAJIOTUYHbINA PEe3YJIbTaT JIsl BEHIECTBEH-
HOT'O 9KCIOHEHIIMAILHO-TAPMOHUYECKOTO CUTHAJIA.

Auaroputm SSA

Kpartko omnuiem anroputm SSA 17151 NOTy4YeHUsI OLIEHKH CUTHAJA.

Bxoanbie mapamerpsbl: BpemeHHoit psig X = (x1,...,2y), IJMHA OKHA L,
paHT CUTHaJIa 7.

Pe3yabTaT: BOCCTAaHOBJICHHBIN CUTHAI S.

1. Baoxenue. IToctpoum X € REXK — [-tpaekTopHyio MaTpuity BpemeH-
Horo psima X: X = TpX = [X; @ -+ @ Xk, me K = N — L + 1,
X; = (... zigp—1)t € R

2. Pazyoxxenue. [TocTpouM CUHTYIASpHOE pa3jioKeHrue MaTpUIlbl X:

rank X rank X

Z VAUV = Z Xy,
k=1 k=1

rae Uy n V, — neBble 1 IpaBble CUHTYISIPHBIE BEKTOPH X, v/ \j; — CHHTY-
JISIPHBIE YHCJIA B TOPSIJIKE YOBIBAHMS.

3. I'pynnuposxka. I'pynmupyem ciiaraembie X, U3 pa3ioKeHHs, OTHOCAIINECS
K curHany: S = >, Xy.

4. /lnaronaibHoe ycpeJHeHue. HpI/IMeHﬂeM TNPOCKLMIO HA NPOCTPAHCTBO
raHKEeJIeBbIX MATPHII: S = HHS U TIepexonM K opMe psija: S = T, 1S.

OmmobKoil BocCTaHOBJICHHS OyeM Ha3bBaTh psig F = S—s.

L-panroM BpeMEHHOTO psija Ha3bIBAIOT PAHT €ro L-TpacKTOPHOW MATpHIIHL.
WHTepec npeAcTaBIsIOT CUTHAIBI KOHEYHOTO PaHra, T.e. CUTHAIIBI, L-paHr KOTo-
PbIX HE 3aBUCHUT OT JJIMHBI OKHa. B [[I]] mogpoGHee onucaHbl CBOMCTBA PSIIOB KO-
HEYHOro panra. Tam e MpuBeieHbl IPUMEPhI CUTHAJIOB KOHEYHOT'O PaHTa, B 4acT-
HOCTH, S9KCTIOHEHINAJIbHO-TAPMOHUYECKUIT CUTHAN S = (sm)%=1 C

P
m = Z Aje®™ cos(2mwim + @),

j=1
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rne Aj, a5 € R,w; €[0,1/2], ¢; € [0,2m). i CyMMBI U3 OJHOTO CJIaragMoro
panr paseH 1, eciim w; = 0 wim wy = 0.5, ¥ paBeH 2 UHayYe.

HcciieqoBanne omMmoOKA MEPBOro MOPsiiKa

Pacemorpnm psig X = S(6), rae S(8) = S+ 6E; 0603HaumM S OLEHKy CHrHa-
sia metonoM SSA. 13 [3] uzBecTHO ciefyoliee npeacTaBieHue (MOJTHOM) OMMOKU
BOCCTaHOBJICHMUS:

F=F(S,0E) =S —S =7 "Iy (0S" + 628?(#)).

Ha30BE&M o1mmoOKoii BOCCTAHOBJIEHHSI TIEPBOTO MOPSIIKA YACTh OJTHOMN OIIMOKH,
JMHeiHo 3aBucsyo ot §: dF (Y = 7';11_[7{(68(1)). IMpumem 6 = 1. Teopema 2.1
3 [3] naér cemyoutyio popmyny ma S € REXK:

s = sW(s,E) = -PyEQq + Py E + EQy, )

rie Pg- — 1poekTop Ha MpocTpaHcTBO cTONOIOB S, Q3 — MPOEKTOp Ha Ipo-
CTPaHCTBO CTPOK S.
Jist curaasnos panra 1 ¢opmyia () [IPUHUMAET BUJ;

s =sW(E,S)= —(UTEV)UVT + UUTE + EVVT. 2)

Cmeuqenue u ducnepcuﬂ OUEHKU cuzHana npu 603mMyuieHuu 6 auoe

wyma u evlopoca

Iycts E = E,,+E,, rae E,, — ciryuaiiHblii cTaliMOHAPHBIIA POLIECC C HYIEBBIM
MaTeMaTUYeCKUM OXHMJaHUEeM U JOCTATOYHO Majloii aucnepcueit, E, cocrout us
HyJIel 3a UCKJIIoYeHHeM 3HaueHus1 a € R Ha nosuumu k. Psig E,, Oynem Ha3biBaTh
nrymoMm, E, — BeIOpocoM.

YrBepxaenne 1. Paccmompum cueznan S, eozmywernue E = E,, + E,, 20e E,, —
wym, E, — evibpoc. Toeoa

EFYV(S,E) = FY(S,E,),
DFY (S, E) = DFY(S,E,),

20eE, =T,E,, E, = TLE,.
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Hoxazamenvcmeo. V3 nuneiinoctu 77, cnenyer, uro E = E,, + E,. U3 1unei-
soctu dopmysst ([I) mo E nomyuaem

SW(s,E) =SW(S,E,) + SV (S,E,),
a u3 ymHeiHocTH 11y n TL_l ClIeyeT, 4TO
FO(S,E) = FY(S,E,) + FY(S,E,).
Tak kak cnaraemoe FV (S, E,) He ciyuaiino,
DFY(S,E) = DFY(S|E,,),

a TOoJIb3YyACh JIMHEHHOCTHI0 MaTEMATUUECKOTO OXUIAHUS U TEM, UTO EEn = 0,

MoJriy4aem, 4T1o
EFY(S,E) = FY(S E,).

O

Janee OyoyT paccMaTpHBaThCS CHUTHAJIBL, Uil KOTOPBIX MEPBBIA MOPSIOK
oUIMOKM aJJeKBATHO OIKCHIBAET MOJIHYI0 OMMOKY rpu pocte V. JIJIs TaKux cur-
HaJIOB yTBepk/JeHUE |l| TO3BOMNSAET CAeaTh CeAYOIUil BHIBOJ: PU BO3MYIIECHUH
B BHJE IIyMa ¥ BHIOpOca, IIyM OTBEYaeT 3a JAMCIIEPCHIO OLIEHKHM CHUTHaJIa, a BbI-
6poc — 3a cMeleHHe.

VYrBep:kaenne 2. [lycmv E — 6o3mywienue 6 suode gvibpoca a na nosuuuu k.
Tozoa owudka nepeozo nopsoka FL NPONOPUUOHANBLHA Q.

RLXK

Jokazameavcmeo. Onpenenum marpuny Eq € CJIeIyIONMM 00pa3oM:

1, p+q—1=k;
Eil[p,q] = 0. vHate 3)

Torma al&; — TpaekTopHas MaTpuIa BO3MYIIIEHUS B BU/IE PACCMAaTPHUBAEMOTO BbI-
6poca. [Toncrasisst e€ B hopmyity (), [0JIyyaem

SW(S,aE;) = aSY(S,Ey),
OTKyZa
FU(S,aE) = aF Y (S, Ey).
O
B cnyqae CUIrHaja, aJist KOTOpOFO l'[epBbIﬁ l'IOpS{IlOK OI_[II/I6KI/I aJ€KBAaTHO OIIN-
ChIBacT l'[OJIHy]O, nu B03MyH1€HI/IH B BUJIe HJyMa n BI)I6p0C21, yTBep)KJ]eHI/Ie Q )IaéT

CJIeAYIONMI Pe3y/IbTaT: CMEIleHNE OLIEHKN CUTHaJIa MMPOTIOPIIMOHAIBHO 3HAYECHHIO
BbIOpOCa a. 3HAUMT JOCTATOYHO pacCMaTpPHUBaTh CMEILeHHe B ciiydyae a = 1.
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Beuwecmeennnlii 3KCROHEHUUANBbHBLIE CUZHAN
PaccMoTpuM curHan B BUjIe BELIECTBEHHOM IKCIIOHEHTH S = (emb)zil,
b € R u Bosmymenue E B Buge BeiGpoca a = 1, Ha mosurm k. TlomydnM SBHbIA
BU/JI MATPHIIBI [IEPBOTO MOPSIIKA OIMHOKU BOCCTAHOBJICHUS CUTHAA S.
CUHTY/ISIpHBIE BEKTOPBI TOTO CUTHAJIA UMEIOT CJIEAYIOIIUIA BUT

rae
b 1

2
: (&
U2<—€2b+€4b+...+€2jb—_€2b

) R AR

TpaexkTopHas MaTpuila BO3MYIIEHUSI UMEET BU/L (E).
B dopmyne (E) 0003HAYMM cJlaraeMsle CJieIyIonnM 00pa3om

A=UTEVUVT B=UU'E, C=EVV"

Y TIOICTAaBMM B HUX BeKTOpel U u V u3 (@]) u Matpuny E = E; uz (E). Haiiném
JJIEMEHTHI 3TUX MaTpuLl. Fimeem:

Alpdl = U BV WV Dlpa = (3 gy ) S
R = s = e s . =
1 1 VLVK . 1 VLVK
_ e(p+q)b Z e(m1+m2)b _ W €(p+q+k+1)b7
viv viv

mi+mo—1=k

TIe Wy — YUCJO JIEMEHTOB Ha k-Of JuaroHaiy, MepHeHIUKYISPHON TIaBHOM,
3HAYUT
k, k<L
wi =< L, L<k<K;
N-k+1, k>K.

Lepmathtb k41 L <q<k

Bp, q| :Z(UUT)[})7 m]E[m, q] = SL HHAaYe;

Lze(—P'F(I-'rk-'rl)b’ k + 1 _ K S P S k’

K
Clp, q] :Z E[p, m](VVT)[m,q] = SK WHaye.
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O6osnaunm A = e(PTatR+Db /(242 ) Uroro monyuaem: ecm k < L,

SW(p,q] = A (—k +vie 21y 4 (p) + vke 21 1(0)) 5 (5)
eem L <k< K,
SWp,ql = A(~L+vie ™ +vie Ly 1 1y(q)); (6)

ecm k > K,nyctel = N — k + 1, Torga

SWip,ql = A (—1+ ”%6_2pb]1[k+1—K,L] (p) + U%(G_qu]l[k-&-l—L,K] (). )
CopMmy/MpyeM 3TOT Pe3yJIbTAT B BUJE TEOPEMBbL.

'mb) N
m

Teopema 1. ITycmo cuznan S = (e _1+ b€ R sosmywenue E cocmoum

uz evibpoca a na nosuyuu k, S — vampuya nepeozo nopsoxa owuku. Tozda
S(l)/a umeem 8uUo: (E), ecmuk < L; (E), ecwm L < k< K; (E), ecmuk > K.

Yuciaennoe MOAEC/JINPOBaAHUE

YucaenHoe cpasHeHUe NEP802o NOPOKA OWUOKU U NOAHOU OWUOKU

680CCMAHOB/1€HUS CUZHANA

Ipu mcciaenoBaHWM BEIECTBEHHOTO SKCIIOHEHIMAIBLHOTO CUTHAJIA C -
HOU psima N —  +00, pacCMATPHBAETCS MOCJIEJ0BATEILHOCTh CHUIHAJIOB
Sy = (embN)Zzl, rie by = C/N,C € R. [lna Takoil mocieqoBaTeibHOCTH
CHTHAJIOB, TIOCNIe/IHMIT 3eMeHT paga ey = ¢
psna ey = ¢C/N 4 1, mpu N — +o0.

B  Tabuue MPOJAEMOHCTPUPOBAHbl  PE3YJbTAaThl ISl  CUTHAJIOB
Sy = (embN)Zzl, by = In(2)/N, u Beibpoca a = 15 Ha mosuuuu k.
CronOupl TabaMIBl OTBEYAOT 3a pa3Hble IIUHBI N; CTPOKHM — 3a pa3jinvHbie
MO3MIUK BbIOpoca k W miuHBl okHA L. s kaxgoi mapel k, L ykazaH MakcH-
MAJIbHBIA MOJYJIb MOJHOM OMIMOKM BOCCTAHOBJICHHS M MOJYJIb MaKCHMAJIbHOM
Pa3HUIIBI MEX/1y MOJHON OMIMOKOW W MEPBBIM MOPSAKOM ommOku. Kak MoxHO
3aMETUTh, PA3HOCTh CTPEMUTCS K HYJIO MPH JIIoObIX 3HaYeHusX L u k, HO moJHast

ommMoOKa CTPEMUTCS K HYJIIO TOJIBKO, €CJIN L MpOoNnopIroHaIbHO N.

= const, a TIepBbIl JIEMEHT

YucaeHnHoe cpagHeHue OUUOKU 0151 DONLUUX PAH208

[poaeMOHCTPHpPYEM MOBEAEHHE OMIMOKUA BOCCTAHOBJICHUS IIPU BO3MYIICHIN
B BH/IE BHIOpOCA B ClIy4yae CUTHAJIOB OOJBIINX PAHIOB.
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N 100 1000 10000
k=N/2—-1,L=N/2,nommas 3.63 x 1071 3.98 x 1072 4.06 x 1073
k=N/2—-1,L=N/2 pasanua 5.58 x 1072 7.38 x 10~* 7.61 x 1076

k=19, L = 20, nonHas 772 x 1071 751 x 1071 7.50 x 107t
k =19, L = 20, pa3nuna 6.29 x 1072 9.67 x 1073 9.86 x 1074
k=19, L = N/2, nomsas 479 x 1071 4.28 x 1072 4.17 x 1073
k =19,L = N/2, pasnuna 751 x 1072 1.27x 1073 1.29 x 10>
k= N/2,L = 20, nonxas 751 x 1071 7.50 x 107! 7.50 x 107!
k = N/2, L = 20, pazauna 574 x 1073 5.12x107% 5.07 x 1077

Ta6muia 1: MakcumanpHas pa3sHuLia Mex 1y ommOKkoi I mopsiaka U noiHo# 1ist BRIOpoca.

Ha Puic. [l u306pareHo noBeieHne MOJIy/1st OIIHOKY BOCCTAHOBICHHS CHIHAA
NpH Pa3HBIX AJMHAX OKOH L. Ha JieBoM pucyHKe n300paxéH cirydaii BelecTBEHHO-

ro 3KCIOHEHIIAAILHOIO CUrHaIa Sy = (embN)Zzl, by =In(2)/N, N = 3999,
umerowiero padr 1, u Beiopoca a = 1, va mosuimu k = N/3. CipaBa n3o0pakeHa
OMMOKA /U1l CMTHANA S, = €N (cos(2mm/40) + cos(27m/20 + 7/3)), ume-
tomiero panr 4. B Tabmuie E nokazaHo 3HaueHue MSE olleHKH 3THX CHUTHAJIOB,
YMHOXEHHOE Ha [IIMHY psja, a Takxke oTHoienue MSE 1 panra 4 k MSE s
pasrra 1. Kak MOXHO 3aMeTHTh, 3TO OTHOIIIEHUE OJIN3KO K 4.

=)

1000 2000 3000

=)

1000 2000

3000 4000

Puc. 1: IToBeneHue ommOKKY BOCCTAHOBIIEHUS NIPU PAa3HbIX PaHIax.

3akJirouyenne

l'[onyqu SIBHBIT BUJ] MaTpulbl MIEPBOIro nopAaka OIIMOKK JJIsA SKCIIOHCHIH-
AJIbHOI'O CUrHaJia mpu BO3MYIICHUN B BUIC BI)I6p0C8.. YucneHHo IMOKa3aHo, 4TO
JJId TAKOT'O CUI'HaJia nemeﬁ TMOpAAOK IO BEJIMYNHE B])I6pOCEl aJICKBATHO OITKMChIBA-
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L rank=1 rank =4 OrHoweHue

500 1.33e-03 5.34e-03 4.002
1000  7.35e-04 2.94e-03 4.001
2000 8.90e-04  3.56e-03 4.004

TaGmuma 2: MSE onenku curHaia panra 1 u 4.

€T IOJIHYIO OIHI/I6Ky. Taksxe ynciaeHHO TTOKa3aHa 3aBUcUMOCcTh MSE ot paHra g
CHUIr'Hajla B BU/1€ CyMMbI 3KCIIOHCHIIUAJIbHO-MOYJIMPOBAHHBIX T'APMOHHUK C OJUHA-
KOBBIM IIOKa3aTeJIEM SKCIIOHEHT, UTO OCJIaCT TCOpeTI/I‘IeCKI/IfI PE3YIbTAT NOTEHIU-
AJIbHO IMMPUMEHUMBIM [1JIA TOpa3go OoJee HIMPOKOI'o Kj1acCca CUrHaJIOB, YEM ITPOCTO
BCHICCTBCHHBIC DKCITIOHCHTHI.

Tak kak JAOKa3aHo, 4TO IIp1U BO3MYUICHUU B BUI€ CYMMBI IIIyMa U BLI6pOC21 CMCEC-
HIEeHUE NIEPBOIro NopAaKa OLCHKU CUT'HaIa 3aBUCUT TOJILKO OT 3HAYCHUA BI)I6pOCEl,
MOJYYCHHBIC PE3YJIbTAThl JAlOT IIOJIC3HYIO I/IHCpOpMaI_[I/IIO " 1A 3alllyMJICHHBIX PA-
JOB.
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