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AHHOTaAIUA

IIpeoOpazoBanue Jlamiaca IIMPOKO KCIONL3YETCS B Pa3IMUHBIX
cdepax HayKd U TEXHUKU. BOo3HMKaeT 3aj1aua ero odpaiieHusi, TO
€CTh 3aj1a4a BOCCTAHOBJIEHUS! (DYHKIIUMH-OPUTUHATA 110 U3BECTHOMN
(pyHkUKM-06pa3y. Bo3moxkHbie cepbl MPUMEHEHUS: MEXAHUKA U
poboToTexHHKa, 11 poBas 00pabOTKA CUTHATIOB, AHAJIU3 SKOHOMH-
YyecKux rnporeccoB. OOIIEero yHUBepCcaabHOro crocoda oopaieHust
He cyiectByeT. CylecTBYyOIIMe MOAXOb K PElIeHU0 TPOOIeMbI
UMEIOT CBOM JOCTOMHCTBA U HeOCTATKU. Tak aHAJIMTHYECKHIA MOJI-
XOJl BO MHOTOM OCHOBBIBAaeTCsI Ha TabJuIlax OOpallleHUs] 1 MaJio-
NPUMEHUMBI K PeasibHbIM 3aj1auaM. YuciieHHble METOIbl HEPEIKO
CTPAJIAlOT OT BBICOKOM TPYJOEMKOCTH WIIM HEJOCTATOYHON TOYHO-
cti. B maHHO# paboTe paccMaTpuBaeTcst oOpalieHue rnpeodpaso-
Banus Jlarmaca ¢ MOMOIIBIO MOCTPOCHUSI KBaAPATYPHBIX (HOPMYIT
HAMBBICIIIEH CTEMEHN TOYHOCTH /ISl MHTerpaia Pumana-Menna.
B pe3sysbTate paboThl OblIa YCIEIIHO CO3/JaHa MPOrpamMmMa JIjist 1mo-
crpoenuss KPHCT pasmepom 1o 400 y3710B, KOTOpas O3BOJISIET C
Pa3IMYHOM TOYHOCTBIO U OBICTPOAEHCTBHEM 00paIaTh Npeodpas3o-
Banue Jlannaca. [lepcrieKTHBBI CCEA0BAHUS 3aKII0YAIOTCS B OIl-
tumu3anuu padotet [10 u ero agantanyu st 6ojiee MUPOKOro Kpy-
ra roJjib30BaTeieil.

BBenenmne

ITpeoOpazoBanue Jlamnaca - u3BecTHbIH ¢ 18-ro Beka MaTeMaTUYECKUil WH-
CTPYMEHT, KOTOpbI IIHPOKO HCIOJIb3YeTCs AJs peleHus andgepeHranbHbX
yYpaBHEHUI U aHaIU3a JIMHEHHbIX cucTeM [|I]].

B nprkJIagHBIX 3a/1a4ax MOSBISETCS HEOOXOOUMMOCTh 0OpallleHu s IIpeoOpas3o-
Banwust Jlariaca, To ecTh BOCCTaHOB/CHHs (DyHKIMK-OpuriHana f(t) mpu u3BecT-
HOM o0pase F'(p). OO1iero yHUBEpCAIBHOTO Crioco0a 0OpallleHns He CYLIECTBY-
eT. CyIiecTByIoIIHe MOAXO/BI K PEIISHHUIO TPOOJIEMbl UIMEIOT CBOM JIOCTOMHCTBA U
HEJJOCTATKH.
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CTouT OTMETHUTS, YTO 3ajiaua oOpalieHus npeodpasoBanus Jlamiaca coctour
B pEIlleHUH UHTErpajbHOTO YPaBHEHHsI [IEPBOTO POJIa, TO €CTh SIBJSIETCS HEKOP-
PEKTHOM. DTO OTpAKAETCs B CIIEAYIONMX CBONCTBAX:

1. Ocobennoctn (pyHKOUH-opuruHajiga: B ciyyasx TpUCYTCTBUSA B
(pyHKIIMH-OpUTHHATIE pa3phIBOB TMEPBOrO poja JaHHBIE MeToJ oOpa-
LIEeHUs], BBUlY HAXOXK/IEHUsI PElIeHHUsI, KaK JTMHEHHOW KOMOMHAIMK 00pa3a
Y €ro MPOU3BOJIHBIX, SIBJISIOIIUMUCS OECKOHEUHO IaJKUMHU (QDYHKIUAMHE, B
TOYKaX pa3phiBa OyAeT BO3BPAIIATh TOJLKO MOJYCYMMY JIEBOTO M IIPABOrO
npenesoB. [ HaXoXAeH!s TOUYeK pa3pbiBa U BEJIUMYMH CKauKa OpUrHHAA
MOXKHO BOCIIO/Ib30BATHCS METOAOM, OIMKUCAHHBLIM B [2].

2. Teopema o eguHcTBeHHOcTH: CoracHO Teopeme, onucaHHoi B [3], ec-
mm f(t) sIBsIeTCs KYCOYHO-TJIAAKOM U YIOBJIETBOPSIET YCIOBUAM Bosbiiano-
Beiiepmtpacca, TO MOKHO rapaHTHPOBATh €IUHCTBEHHOCTh PEIICHUS.

00630p CyIIeCTBYIOIMX METOI0B O0OpaIeHusT i HX
0co0eHHOCTEeH

CyImecTByeT MHOXECTBO Pa3fIMUHBIX METOIOB OOpaIIeHHs MpeoOpa3oBaHUs
Jlariaca, Kak aHAMMTHYECKUX, TaK ¥ NPHOIMKEHHBIX.

AHATUTHYECKUE METO[bl, TAKWE KaK TaOJUIbl OOpaIleHus, TEOPEMbI Pa3Jio-
sxenus 1 1p. ([4]), XOTb U 1O CYTH TOYHBI, B OOJBIITMHCTBE CBOEM HETIPUMEHUMBI K
UCIIOJIb30BAHMIO B TIPAKTUYECKUX 3aj]adax.

[pubmxeHHbIe METOIBL:

¢ [TpubmmuxeHue ¢ moMoInso psanoB Jlareppa - Kak oImMcaHo B [5] cXOAUMOCTb
MeToJa MeJJIeHHa.

* Jlenbra-meTon oOpaiieHus npeoOpazoBaHus Jlariaca BBICOKOTO MOPSiIKA
TOYHOCTH - KOI((PUIUEHTHI OBICTPO PACTYT C YBEJIMUYEHUEM CTEIEHH TOY-
Hoctu ([6]).

* UK® c paBHOOTCTOSIIMMHU Y3JaMH - TpeOyeT MeHbllle BBIYUCIICHUIA, HO
HeJocTtaTouHo To4Ha ([5]).

IMockosbKy BCe BBIUMCIIMTEIbHBIE METObI 0OpalleHus npeodpasoBanus Jla-
iaca MO0 TPyA03aTpaTHBI, JIMOO HEJIOCTATOUYHO TOYHBI, OBIJIO MPUHSTO pelleHNe
MCIIONB30BaTh KBAAPATYPHBIE (DOPMYJIbI HAMBBICIIIEH CTETIEHH TOYHOCTH TSI IPH-
6ykeHus uHTerpaia Pumana-MesutnHa. CKOpPOCTb UX CXOIMMOCTH ONMcaHa B [[7]
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L [3764\"
o (%))

a ycroitunBocts KOHCT o oTHOMmEHuO K onmbkam B pyHKuud s (p) = p*F(p)
onpeesseTcsl BeTUYUHON

H COCTaABJIACT

M, =Y |A] = O(n'~*3.764™).
k=1

CoOTBETCTBEHHO, HEOOXOAUMO OyIeT MPOBECTU MPOBEPKY MOJIyUEHHOro Habopa
K03((PHULIUEHTOB.

MaTtemMaTH4ecKoe OCHOBaHHe

IlaHo ypaBHeHue
(o)

/ e " f(t)dt = F(p), (1)
0
rae f(t) — uckomas ynkuus, F'(p) — e€ o6pas no Jlamwacy. zo6paxenue F(p),
KaK U3BECTHO, peryJisipHo npu Re p > o, npu Hekoropom o. He ymanss obuiHo-
CTH, MOXEM NPEIIONOKUT, uto 0 = 0 (F*(p) = F(p — o), f*(t) = e f(1)).
Takxe n3BecTHo, 40 F'(p) — 0 npu Re p — oo. [Ipeanonoxum, uto F(p) crpe-
MHTCS K HYJIO, KaK HEKOTOpast CTeneHb 1/p, To ecTh 00pa3 MpeicTaBuM B BUIE
F(p) = #905 (p), roe s > 0, a 4(00) CyLIeCTBYeT U KOHEUHa.
O6paruenne npeodpasosanus Jlamaca npousBogutes mo gopmyine Pumana-
Meiumna

c+ioco
1
f(t)=— / e’'F(p)dp, ¢>0, t>0. )
211 /

IMepenumiem eé st Hameid F(p):

1 c+ioco 1 c+ioco
ft)=5= / eP'p s (p)dp = t°7 — / e’ ps(p/t)dp, ¢>0.
211 / 211 /
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JLnst IpuOIMXXEHHOTO BHIYKMCIICHU ST MHTETpasia @ MIOCTPOVM KBaApaTypHYIO (op-
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Teopema 1 ([5]). [I151 Toro, utoGsl kBagparypHas popmysa (H) Gbita Haubic-
1Ieii CTeNeHu TOYHOCTU, HEOOXOOUMO U JOCTATOYHO, YTOOBI:

1. ®opmyna () Gbira uaTeprOAAIMOHHOI. TO €CTh /IS TIOMAPHO PA3IHIHBIX
Dkn BBITOJHSIIOCH

1
ZA;mp = m=0,1,...,n— 1.
F(erm)

2. BoImonHsamuch yciaoBUA OPTOIrOHAJIbHOCTH

ct+ioo 1
/ eLp*wy, (p) p Mdp=0, m=0,1,....n—1, (5

1 =1 1
nl == ). 6
“ (p> H(p pkn) ()

B urore momy4yaem, 4TO I CYIIECTBOBAHUS KBAApaTypHOU (DOPMYIBI Hau-
BBICIIICH CTETICHU TOYHOCTH JUTSI IPUOJIMKEHIS MHTETpasia (), HEOOXOIMMO U J0-
CTaTOYHO CYIIIECTBOBAHMS MHOTOUIEHOB (E), JUTSI KOTOPBIX BBITOJHSIIOTCS YCJIOBHS

®.

Teopema 2 ([8]). Muorouess! () yIOBIETBOPSIOT YpaBHEHHIO

B(z)w,(z) + [A(z) + B'(z)]w, () = n(n + s — Dwn(x) =0,

B(z) =2® A(z)=(s—2)z— 1L )

MHOrouieHs! wy, (p) ¢ TOYHOCTHIO 10 TTOCTOSHHOTO COMHOXHTEIISI COBIAIAI0T
C MHOTOYJICHAMH

_ g(l)”k (Z) (n+s—1)ra”,

rae (a)x - cumBon [Toxrammepa:

b k
R Va@ 1) (et k1), k

Y UX KOPHU MOMAPHO Pa3IMYHbI U UMEIOT MOJIOKUTENBHYIO IEUCTBUTENIBHYIO YaCTh.
Hcxonsa u3 Bcero BBIIEU3IOKEHHOIO, MOXKEM CJEJIaTh BBIBOJ, UTO MCKOMAas
KO®HCT cyiectByer, €IMHCTBEHHA U IMEET BU[L

O =t Apnps (Drn/t) ®)

k=1
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TI€e Y37bl Piy, — KOpHH ypaBHeHust P (1/py,) = 0, monapHo pasivyHbl U JIeKaT
B [IPaBoii nosyrmiockoctd Re p > 0, a koapdunuentst Ay, Beraucisores [9] no

¢opmyne:
(=1)"*Hnl(2n + s —2)2

n?L(n+s—1)p2, (Ps_, (1/pkn))2.

[Tpu yBenMveHuM KOJIMYECTBA Y3JI0B MPOrpPaMMBbl, UCHOJIb3YIOIIME CTaHAAPT-
HBle BCTPOEHHBIC MaTeMaTHYeCKHe MaKeThl HaXOXAEHHUS KOpHEeH MHOTOWICHOB,
TEPSIOT TOYHOCTh U YBEJIMUYUBAIOT BpeMsi cBoeit paboThl. [jist uzbexaHus JaHHON
npo06JieMbl MOXKHO MPUOETHYTh K MCIOBb30BaHUI0 MeToqa HpioToHa.

Kak nokasano B padotax [[10], y31et KOHCT nexar B npaBoii MoJIOBUHE KOJTb-
na

Akn =

2
n+s—1<|pgn| <2n+s— =

, k=1,2,....,n.
3

Tlonoxum
Zkn=—02n+s—2)/pkn, k=1,2,...,n.

HopmupoBaHHbIE KOPHH 2jy, TIPH 12 — 0O CTPEMSTCSI K TOUKaM KPHBOH

v={z:1Qz)|=1, Rez <0},

e Q(z) = exp (\/ 1+ z—2) / {z (1 +vV1+ z—Q)} .

-5 -L0 05 0

T

-0.5

-10f

Puc. 1: Kpusas v(z)

Takke ObLIO [OKA3aHO, YTO apryMEHTHI KOpHeil MHorowieHa PS(—x) pacmpe-
IeJNSI0TCs paBHOMEpHO B uHTepBase (7/2,3mw/2).

Hcnone3yst nHGOPMAIHXIO O IPUMEPHOM PACIIOIOAKEHUN KOPHEH MHOrO4JIeHa,
BOCIOJIb3yeMcCs1 MeToloM HbioTOHa /17151 MX ToucKa.
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IIporpammuas peaju3amnus

st Beraucaenust y3a08B KOHCT u cooTBeTcTBYOIMMX KO3(PHULMEHTOB, HC-
XO[5 13 PACCMOTPEHHO# paHee TeOpuH, TpeOyeTCsl HAlTH KOPHY MHOTOYJIEHa BUa

n

Pie) = 31 () ot s =

k=0

rae (a)g - cumBon [Toxrammepa.

Peamu3zanusi BelUMCIIEHNH OyJeT MPOUCXOOUTh C MOMOIIBIO SI3bIKA MPOrpaM-
MupoBaHusi Python, OCKOJIbKY JIaHHBIN SI3bIK SIBJISIETCS] IPUTOHBIM JIJISI TOHKOIA
HACTPOMKHU [apaMeTPOB U YIOOHBIM B UCHIOJIb30BAHUM.

Bbluncriennst TpeOyIOT JOCTaTOYHO BBICOKOW TOYHOCTH, MOITOMY JJIsl Xpa-
HEHMsI YKCeNl M BBINIOJNHEHUS NEHCTBUIl HaJ HUMH 3ajieficTByeM OMOIHMOTEKY
1751 paboThl € YHCJIAMH C OOJBIIMM KOJMYECTBOM 3HAKOB MOCJ]E 3arsTod -
“"mpmath”. Takxe Ham MoHaKOOMTCST OUONMOTEKA ISl PealM3alui METOAa BbI-
YHCJICHUS KOJIMYECTBA COYETAHMIA M METO/1a BBIYMCIICHHSI raMMa-(pyHKLmiA 1 6eTa-
ynkumii - Scipy”. i Busyaqmzanuu rpadukoB 3ajeiicTByeM OMOIMOTEKY
“matplotlib.pyplot”. CoxpaHeHue pe3yIbTaToOB peaau3yeM ¢ nomolnsio ~pickle”.

Pe3yavmamut

B pesyibraTe paboTHl MPOrpamMMBl, ¢ KOJOM KOTOPOW MOXHO O3HAKOMHTBCS
B OTKpBITOM perto3utopuu [[1 1], ObumM noyyeHsl HaGophl y3710B ¥ KO3 dHIeH-
toB 1t KH®CT pasmepom ot 2 1o 400 y35108 (npu s=1). D10 no3BossieT oOpa-
math npeodpasoanue Jlamaca ¢ pa3HOd TOYHOCTBIO. PaccMOTpUM MOy YeHHbBIE
pe3y/bTaThl HA KOHKPETHBIX IPUMEpaXx.

PaccmoTpum rpadmku obpainieHuii yxke M3BecTHHIX (pyHKIMiIA. Ha pucyHkax
B, B npeacrapnens: rpaduku cunyca n dyHkumi Beccess, BBUNCIEHHBIE C TOMO-
b0 oOpateHus npeobpasoBanus Jlamaca ¥ BBIYMC/IEHHBIE TOYHO, A TAKKE UX
pasHocTh. OTKJIOHEHHE TOSIBJISAETCS Ha 3HAYEHUSX BBIIIE HEKOTOPOTrO 3HAYEHHU S,
KOTOPOE MOXHO YBEJIUYUTD 3a CUET MOBBILLIECHU S KOJIMYECTBA Y3JI0B, OTHAKO BpeMs
BBIUHCJIEHHS TaKKe OBBICUTCS (BpeMs paboThI porpaMmsbl 1o Berauciienuio 1000
TOYeKk obpareHus npeodpaszoBanus Jlammaca B 3aBUCUMOCTH OT KOJIMUYECTBA y3-
0B yKa3aHo Ha rpaduke H).

Ha pucyHKax HUCIoJb3yeTcs LIBETOBOE 0003HAUSHUE: OPAHXKEBBIil - TOYHO BbI-
qucyieHHas (pyHKLMS, CHHUI - (DYHKLIMSI MOJTyYeHHasi B pe3ysibTaTe oOpalieHus,
3€JIEHBIN - UX Pa3HOCTb.
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Puc. 2: Cunyc npu n=50, n=80, n=100

Graph for n = 50 Graph for n = 80 Graph for n = 100

axis Label

N AN 'JM TAAAAN

s Label s Laoel s abe

Puc. 3: ®dynkuusa beccens npu n=50, n=80, n=100

Buvieoowt

Ha ocHoBe MOJYYCHHBIX PE3YJIbTATOB MOXHO CAEJIAaTh CJIIEAYIOIUE BbIBOADI:

1.

PesyabTat peasmsanun aJropurMa: TpedyeMsle y3ibl M KO3 UIUEHTH
K®HCT moryT ObITh JOCTaTOYHO OBICTPO BBIYMCIICHHI IPY MCIIONB30BAHUH
Metoza HeloToHa 1 mH(pOpMaLiy 00 UX MPUMEPHOM MECTOHAXOXKJCHUH Ha
KOMIIJIEKCHOM TIJIOCKOCTH.

IIpumennmocts 1 yanBepcaiabHocTh: KPHCT criocoGHa obpatiars mpe-
obpaszoBanue Jlamiaca ¢ pa3HO0OPa3HOI TOYHOCTHIO, YTO MMO3BOJISACT HAUTH
6aJlaHC MeX]Iy TOYHOCTBIO U OBICTPOJICAICTBUEM.

. HpaKTI/IquKOC 3HAYCHHE: npeoGpa3OBaHI/Ie Jlantaca umeet IUPOKOE pac-

MIPOCTPaHEHHE, a IPOCTON M YHUBEPCAJIbHBI MHCTPYMEHT JUJIsI €r0 YHCIIeH-
HOTo OOparieH:st MO3BONSET CHEHAIMCTaM U3 Pa3HBIX 00JacTedl HAYKH 1
TEXHHUKH pelaTh TpedyeMble 3aJauH.

. IlepcnekTuBbI: JajbHeillIee pa3BUTHE MOKET ObITh HAIIPABJICHO Ha OINTH-

MH3ALHI0 pabOTHI TPOrPAMMBI B CHITY TTOBTOPSIEMOI MPUPO/IbI BBIUMCIICHUI.
Taxke Bo3MOXHa peanu3anys Ha 6oJjiee MOIIHOM 000pYIOBaHHUH, YTO T103-
BOJIUT YBEJIMUUTh TOYHOCTD 32 CUET rpyOOro yBeJWdeHHsI CKOpPOCTH 00pa-
OOTKM JTaHHBIX.
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Bpewms paboTsl

m I I I I I I
0
80 100 120 140 160 180

Kon-s0 yanos

Bpewms TpeByemoe ANk 1000 Tosex (cex)
8

Puc. 4: Bpems Beruncienus 3Hadenuii 1000 Touek npu pa3HoM koauvectse y3710B KOPHCT
B CEKyH/Iax.

Hrorom pabots ctasno cozganue [10 1 monTBepkaeHIe TPAMEHIMOCTH TEOPETH-
YeCKHUX JAHHBIX, OMMMCAHHBIX B [], JUTS pEelIeHH s IPaK THYECKUX 3a71ad.

3akJiroyeHne

B pesymprarte maHHON paboOTHl OBUI peaan30BaH aJTOPUTM IMOCTPOCHUS
K®HCT ns yncnenHoro obpaiienus npeodpasoBanus Jlammaca. [laHHbI MeTo
SIBJISIETCSI TOCTATOYHO YHUBEPCATBHBIM M YJIOOHBIM CIIOCOOOM OOpallleHHsI, YTO
MO3BOJISIET UCTIOIB30BATh €r0 MPU PEIIeHNH 3a/1a4, TPEOYIOIIMX BBICOKOI TOUHO-
CTH.

CosnanHoe B mporiecce padotsl [TO MoxkeT ObITh UCTIONIB30BAHO B 3a/ja4ax 00-
parenus npeodpa3oBanus Jlamiaca, BOSHUKAIIUX Y CICIIUATMCTOB Pa3INIHBIX
cep HAyKH U TEXHUKHU.

B nasbHeiiieM co3/laHHast mporpaMMa MoXeT ObITh yiyulteHa. [{isi moBbiiie-
HHSI TOYHOCTH BBIYMCJICHUIA U OOIIEro OBICTPOACHCTBHUS CUCTEMbI MOTYT OBITh HC-
TMOJIb30BaHBI PacIpe/Ie/IEHHbIC BEIYUCIICHUS] 1 O0JIee ONITUMAJIbHBIE AJITOPUTMBI BbI-
YKCJICHUM.
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